A multi-scale FEM-BEM formulation for contact mechanics between rough
  surfaces by Bonari, Jacopo et al.
Noname manuscript No.
(will be inserted by the editor)
A multi-scale FEM-BEM formulation for contact mechanics
between rough surfaces
Jacopo Bonari · Maria R. Marulli · Nora Hagmeyer · Matthias Mayr · Alexander
Popp · Marco Paggi
the date of receipt and acceptance should be inserted later
Jacopo Bonari
IMT School for Advanced Studies Lucca,
Piazza San Francesco 19, 55100 Lucca, Italy,
E-mail: jacopo.bonari@imtlucca.it
Maria R. Marulli
IMT School for Advanced Studies Lucca,
Piazza San Francesco 19, 55100 Lucca, Italy,
E-mail: mariarosaria.marulli@imtlucca.it
Nora Hagmeyer
Institute for Mathematics and Computer-Based Simulation,
University of the Bundeswehr Munich,
39 Werner-Heisenberg-Weg, 85577 Neubiberg, Germany
E-mail: nora.hagmeyer@unibw.de
Matthias Mayr
Institute for Mathematics and Computer-Based Simulation,
University of the Bundeswehr Munich,
39 Werner-Heisenberg-Weg, 85577 Neubiberg, Germany
E-mail: matthias.mayr@unibw.de
Alexander Popp
Institute for Mathematics and Computer-Based Simulation,
University of the Bundeswehr Munich,
39 Werner-Heisenberg-Weg, 85577 Neubiberg, Germany
E-mail: alexander.popp@unibw.de
Marco Paggi
IMT School for Advanced Studies Lucca,
Piazza San Francesco 19, 55100 Lucca, Italy,
E-mail: marco.paggi@imtlucca.it
Abstract A novel multi-scale finite element formulation for
contact mechanics between nominally smooth but micro-
scopically rough surfaces is herein proposed. The approach
integrates the interface finite element method (FEM) for mod-
elling interface interactions at the macro-scale with a bound-
ary element method (BEM) for the solution of the contact
problem at the micro-scale. The BEM is used at each inte-
gration point to determine the normal contact traction and
the normal contact stiffness, allowing to take into account
any desirable kind of rough topology, either real, e.g. ob-
tained from profilometric data, or artificial, evaluated with
the most suitable numerical or analytical approach. Different
numerical strategies to accelerate coupling between FEM
and BEM are discussed in relation to a selected benchmark
test.
Keywords Contact mechanics; roughness; finite element
method; boundary element method; multi-scale method.
1 Introduction
Due to the technological trend of producing structures down
to the micro- and nano-scales, surface-related phenomena
become predominant over bulk properties [1]. Therefore, lo-
cal imperfections and deviation from the ideal flatness of
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surfaces [2], and especially waviness, roughness and other
forms of texturing, have a fundamental effect on surface
physics, as for instance for heat and electrical transfer, op-
tical properties, fluid-solid interactions. Similarly, they play
a crucial role in tribology as far as stress transfer between
interacting surfaces in relative motion, friction, wear, and
lubrication are concerned [3,4,5]. The role of mechanics is
essential for understanding, modelling and simulating the
stress and the deformation fields experienced by rough sur-
faces in contact, as well as for the description of their evolu-
tion over time [6,7,8,9,10,11,12].
Even in the simplest case of linear elastic continua, the
presence of roughness introduces a nonlinearity, since the
effective contact area of the micro-scale now also depends
on the applied load level. Therefore, understanding the con-
nection between the geometrical/topological features of rough-
ness and the consequent non-linear constitutive relation at
the interface, the relation between the thermal/electrical con-
tact resistance and the contact pressure, or the apparent value
of the friction coefficient, just to name a few exemplary
problems, is an intriguing research question with many prac-
tical technological implications.
Semi-analytical micromechanical contact theories rely-
ing on the statistical distribution of the elevation of the as-
perities and their radii of curvature have been proposed and
widely explored (see [13,14] for comprehensive review arti-
cles), following the pioneering approach in [15] and extend-
ing it to more complex statistical distributions of elevations
and curvatures [16,17,18], considering also elastic interac-
tions between asperities [19]. Since the 1990’s, research fo-
cused on the multi-scale features of roughness, exploiting
the use of fractal geometry for the understanding of its role
on the contact behaviour [20,21,22,23]. In all such stud-
ies, the primary focus was the characterization of the con-
stitutive behaviour of the rough interface, regardless of the
bulk. Hence, the boundary element method (BEM) has been
historically preferred over the finite element method (FEM)
[24,25] for this purpose. This is essentially due to the fact
that only the surface must be discretized in the boundary
element method, and not the surrounding continuum, as re-
quired by the finite element method. Moreover, it is not nec-
essary to adopt surface interpolation techniques, like Bezier
curves, to discretize the interface (see, e.g., the approach in
[26, Ch. 9]) and make it amenable for the application of con-
tact search algorithms. This avoids an undesired smoothing
of the fine scale geometrical features of roughness.
However, standard boundary element formulations are
based on the fundamental assumptions of linear elasticity
and homogeneity of the materials. Consequently, their gen-
eralization to inhomogeneities [27] and finite-size geome-
tries [28] are sometimes possible but are not straightforward.
The finite element method would open new perspectives,
even if applied at the micro-scale. Within this approach, in
fact, it is possible to take into account any material [29,30]
or interface constitutive nonlinearity [31]. Moreover, it is
prone to be extended for the solution of nonlinear multi-field
problems involved in heat transfer or in reaction-diffusion
systems [32,33,34], for which the boundary element method
has not been applied so far. Last but not least, new robust
contact discretization schemes and solution strategies have
been advanced within the framework of the FEM in recent
years, including nonlinear thermomechanics and wear [35,
36,37,38,39].
Industrial applications, for which the size-scale of the
components is usually much bigger than the microscopical
size-scale of roughness, are challenging also for the above
finite element techniques designed for micro-scale compu-
tations. Hence, multi-scale approaches should be invoked.
In this regard, a node-to-segment finite element formulation
for contact mechanics was proposed in [32], where a penalty
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approach was used to enforce the satisfaction of the uni-
lateral contact constraint. Moreover, the contact force and
the penalty stiffness were predicted by a modified nonlinear
penalty formulation where the nodal force-nodal gap rela-
tion was dictated by a micromechanical contact model. This
approach assumes a scale separation between the micro-scale
solution of the contact problem, provided in closed form
according to the micromechanical contact model, and the
macro-scale one, where the finite element method is applied.
As a limitation, this method strongly relies on the microme-
chanical contact model prediction, which is based on simpli-
fied assumptions related to the form of roughness, the statis-
tical distribution of asperity heights and curvatures.
In this article, a multi-scale finite element formulation is
proposed, where any statistically representative microscop-
ically rough surface can be provided as input, also variable
with the position along the contact surface of the macro-
scale finite element model. Specifically, at the macro-scale,
an implicit finite element formulation based on the inter-
face finite element topology is exploited. At each integration
point, the statistically representative rough surface height
field is stored, and the boundary element method is called
by passing the macroscopic relative displacement in the nor-
mal direction. The micro-scale model based on BEM pro-
vides the homogenized normal contact traction (and its lin-
earization) to be used within the nonlinear solver of macro-
scale FEM model. This approach allows testing any sur-
face roughness topology without making assumptions on the
surface height distribution. On the other hand, the compu-
tation cost associated to this problem is much higher than
in [32]. Therefore, some possible acceleration strategies are
presented and their effect compared.
This article is structured as follows: in Sec. 2 the vari-
ational formulation at the macro-scale is presented. Sec. 3
details the multi-scale contact formulation and the way cou-
pling between the finite element method at the macro-scale
and the boundary element method at the micro-scale is en-
forced. Sec. 4 is devoted to numerical examples and to the
comparison of the different solution schemes to accelerate
computations. Conclusive remarks and future developments
complete the article.
2 Variational formulation
In this section, we propose the variational formulation gov-
erning the problem of contact between two bodies across a
rough interface. Starting from the strong differential form
describing the mechanics of the continua and the problem
of contact along the interface, we derive the corresponding
weak form that provides the basis for the new interface finite
element detailed in Sec. 3.
2.1 Governing equations and strong form
Let two deformable bodies occupy the domains Ωi ∈ R2
(i = 1,2) in the undeformed configuration defined by the
reference system Oxz (see Fig. 1). The two domains are sep-
arated by an interface Γ defined by the opposite boundaries
Γi (i= 1,2) of the two bodies, viz. Γ =
⋃
i=1,2Γi, where con-
tact takes place. The whole boundary of the i-th body, ∂Ωi,
is therefore divided into three parts:
– a portion where displacements are imposed, i.e., the Dirich-
let boundary ∂ΩDi ;
– a portion where tractions are specified, i.e., the Neumann
boundary ∂ΩNi ;
– the interface Γi where specific boundary conditions have
to be imposed to model contact.
Here, we assume that Γi is nominally smooth but micro-
scopically rough. A smoother representation of each inter-
face Γ ∗i is introduced by considering a surface parallel to
the average one of the rough surface and passing through its
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Fig. 1: Domains Ωi (i = 1,2), their Dirichlet (∂ΩDi ) and
Neumann (∂ΩNi ) boundaries, and the contact interface Γ =
Γ1
⋃
Γ2.
lowest point, i.e. the deepest valley. In the present 2D set-
ting, this surface coincides with a smooth line, discretized
by a set of appropriate interface elements. At the initial con-
dition, Γ ∗1 and Γ
∗
2 are coincident but distinct lines and the
two bodies are in contact just in correspondence of a single
point given by the highest peaks of the undeformed surfaces.
We also associate the tangential and normal unit vec-
tors ti(x,z) and ni(x,z) at any point of Γ ∗i , with ni pointing
outwards from the domain Ωi. Due to the assumption that
the two non-conformal profiles are microscopically rough
but nominally smooth, the two coincident smoother lines are
parallel to each other and therefore n1(x,z) =−n2(x,z) and
t1(x,z) =−t2(x,z), ∀x,z on Γ ∗. As a result, we can define a
unique tangential and normal unit vectors n and t and intro-
duce a zero-thickness interface model for Γ ∗.
In the most general case, we now postulate the exis-
tence of a displacement field for each body, ui = (ui,vi)T,
that can be used to map the undeformed configuration to
the deformed one. Such functions are thereby assumed to
be continuous, invertible and differentiable functions of the
position vector x = (x,z)T within each body. At the inter-
face Γ ∗, on the other hand, the configuration of the system
is described by the relative displacement field ∆u, usually
denoted as gap field across the interface g= (gt,gn)T, which
is mathematically defined as the projection of the relative
displacement u1−u2 onto the normal and tangential direc-
tions of the interface defined by the unit vectors n and t,
respectively. In components, the vector ∆u collects the rel-
ative tangential displacement, ∆ut , and the relative normal
displacement, ∆un, i.e., ∆u= (∆ut ,∆un)T.
Inside each deformable material, the small deformation
strain tensor ε i (i = 1,2) is introduced as customary, which
is defined as the symmetric part of the displacement gradi-
ent: ε i =∇sui. In the sequel, the standard Voigt notation will
be used and the strain tensor components will be collected
in the vector ε i = (εxx,εzz,γxz)Ti .
In the absence of body forces, the strong (differential)
form of equilibrium for each body is provided by the linear
momentum equation along with the Dirichlet and the Neu-
mann boundary conditions on ∂ΩDi and ∂ΩNi , respectively
(i= 1,2), equipped by the conditions for contact on Γ ∗:
∇ ·σ i = 0 inΩi, (1a)
ui = uˆ on∂ΩDi , (1b)
σ i ·n= T on∂ΩNi , (1c)
gn ≥ 0, pn ≥ 0 onΓ ∗ (1d)
where uˆ denotes the imposed displacement, and T the ap-
plied traction vector.
For its solution, the strong form has to be equipped by
the constitutive equations for the bulk and for the interface.
For the bulk, recalling standard thermodynamics arguments,
general (linear or nonlinear) constitutive stress-strain rela-
tions can be postulated without any loss of generality for the
i-th material domain: σ i := ∂ε iΨ(ε i) and Ci := ∂ 2ε iε iΨ(ε i),
whereby Ψ(ε i) is the Helmholtz free-energy function for
body i, whereas its corresponding Cauchy stress tensor and
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the constitutive operator are respectively denoted by σ i and
Ci.
Regarding the interface, the constitutive response should
be introduced by distinguishing between the normal and the
tangential directions. Although the present formulation can
encompass any type of loading condition, we restrict our at-
tention in this study to the frictionless normal contact prob-
lem and we neglect the influence of adhesion. In general,
the constitutive relation in the tangential direction should
account for frictional effects and adhesion, and it is left for
further investigation.
2.2 Weak form
According to the principle of virtual work, the weak form
associated with the strong form in Eq. (1) reads:
Π =
∫
Ω1
σ1(u1)Tε1(v1)dΩ +
∫
Ω2
σ2(u2)Tε2(v2)dΩ (2)
−
∫
∂ΩN1
TTv1d∂Ω −
∫
∂ΩN2
TTv2d∂Ω
−
∫
Γ ∗
pn(∆u)gn(∆v)dΓ = 0
where vi is the test function (virtual displacement field) and
gn(∆v) is the virtual normal gap at the interface Γ ∗. The test
function in the i-th body fulfills the condition vi= 0 on ∂ΩDi
and the contact condition on Γ ∗, which can be formulated
as:
pn(gn) =

pn if gn > 0,
0, if gn ≤ 0.
(3)
where the nominal pressure pn is given by the micro-scale
contact interactions predicted by the boundary element method
as described in the following section.
The contact conditions onΓ ∗ impose that the correspond-
ing integral is greater or equal to zero everywhere on Γ ∗.
Thus, the solution of the problem implies the solution of the
following variational inequality:
∫
Ω1
σ1(u1)Tε1(v1)dΩ +
∫
Ω2
σ2(u2)Tε2(v2)dΩ
−
∫
∂ΩN1
TTv1d∂Ω −
∫
∂ΩN2
TTv2d∂Ω ≥ 0. (4)
The displacement field ui solution of the weak form in
Eq. (2) is such that it corresponds to the minimum of Π for
any choice of the test functions vi.
3 Multi-scale contact formulation
For the bulk, standard linear quadrilateral or triangular isopara-
metric finite elements can be invoked. On the other hand,
at the interface, the solution of the presented contact prob-
lem is treated at two different levels. At the macro-scale, a
zero-thickness interface finite element is employed to model
interface interactions. The integral expressions for the stiff-
ness operator and the residual vector are approximated via a
Gaussian integration, as explained in detail in Sec. 3.1, and
the values of the contact pressure are evaluated by solving,
for each Gauss point, the contact problem between the elas-
tic half plane and the rough surface, exploiting the boundary
element method, see Sec. 3.2.
The macro-scale model, analyzed in Sec. 3.1, is 2D un-
der plain strain assumption, while the micro-scale is 3D and
deals with two surfaces coming into contact. For guaran-
teeing the consistency between the two scales, the average
pressure acting on the surfaces and evaluated using the BEM
is multiplied by a unit depth before passing it to the FEM
model.
3.1 Finite element discretization of the interface at the
macro-scale
At the macro-scale, we introduce a conforming finite ele-
ment discretization whose kinematics follows from the for-
mulation of interface elements used in non-linear fracture
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Fig. 2: Sketch of the interface finite element topology.
mechanics for cohesive crack growth. This interface element
is characterized by nodes 1 and 2, belonging to Γ ∗2 , and by
nodes 3 and 4, which belong to Γ ∗1 , see Fig. 2.
The interface integral in Eq. (2) can be evaluated as the
sum of the contribution of the whole interface elements.
Each element contribution (denoted by the subscript e) is
herein computed by using the 2 points Gauss quadrature
formula which implies the sampling of the integrand at the
Gauss points xg1 and xg2:
∫
Γ ∗e
p(gn)gn dΓ = detJ ∑
i=1,2
wipi(gn,i)gn,i, (5)
where detJ is the standard determinant of the Jacobian of the
transformation that maps the geometry of the interface ele-
ment from its global reference frame to the natural reference
system.
To evaluate the normal gap gn at any point inside the
interface element, we need to introduce the nodal displace-
ment vector d= (u1,v1, . . . ,u4,v4)T, which collects the dis-
placements u and v of the four interface finite element nodes.
The relative displacement g for the nodes 1-4 and 2-3 is then
computed by applying a matrix operator L which calculates
the difference between the displacements of nodes 1 and 2
with respect to those of nodes 4 and 3. The relative displace-
ment within the interface finite element is then given by the
linear interpolation of the corresponding nodal values, rep-
resented by the multiplication with the matrix N which col-
lects the shape functions at the element level. Finally, the
tangential and the normal gaps are determined by the mul-
tiplication with the rotation matrix R defined by the com-
ponents of the unit vectors t and n. In formulae, we have:
g=−RNLd, (6)
where the operators present the following matrix form:
L=

−1 0 0 0 0 0 1 0
0 −1 0 0 0 0 0 1
0 0 −1 0 1 0 0 0
0 0 0 −1 0 1 0 0
 , (7a)
N=
N1 0 N2 0
0 N1 0 N2
 , (7b)
R=
 tx tz
nx nz
 , (7c)
where nx, nz, tx and tz are the components of the unit vectors
n and t along the x and z directions.
The normal gap is used to compute the normal traction
pn according to the boundary element method accounting
for micro-scale contact interactions. Due to the intrinsic non-
linearity of the contact problem, a Newton-Raphson scheme
is herein adopted to solve the implicit non-linear algebraic
system of equations resulting from the finite element dis-
cretization:
K(k)∆d(k) =−R(k), (8a)
d(k+1) = d(k)+∆d(k), (8b)
where the superscript k denotes the iteration inside the Newton-
Raphson loop, and the residual vector R(k)e and the tangent
stiffness matrix K(k)e associated with the e−th interface fi-
nite element, assembled to the global residual vector R and
global stiffness matrix K, are:
R(k)e =−
∫
Γ ∗e
LTNTRTpdΓ , (9a)
K(k)e =
∫
Γ ∗e
LTNTRTCRNLdΓ , (9b)
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where p= (pt, pn)T = (0, pn)T and C is the linearized inter-
face constitutive matrix:
C=

∂ pt
∂gt
∂ pt
∂gn
∂ pn
∂gt
∂ pn
∂gn
 , (10)
that, for the frictionless normal contact problem, reads:
C=
0 0
0
∂ pn
∂gn
 , (11)
and we just need to specify ∂ pn/∂gn depending on the sign
of the normal gap. For the present multi-scale problem, it has
to be remarked that the closed form expression for ∂ pn/∂gn
is not available, and therefore it is computed numerically by
a finite difference approximation of two solutions obtained
by the application of the boundary element method, one for
gn and another for the same value of gn plus a small pertur-
bation, see the next section.
The integrals in Eqs. (9) are therefore given as the sum
of two terms:
R(k)e =−detJ
2
∑
i=1
wiLTNTRTp(xgi), (12a)
K(k)e = detJ
2
∑
i=1
wiLTNTRTC(xgi)RNL, (12b)
where wi = 1 is the weight and xg1,2 =∓1/
√
3 are the posi-
tions of the two Gauss Points along Γ ∗, where the pressure
is going to be evaluated.
3.2 Boundary element method for micro-scale interactions
The unknown value of pn at each Gauss Point is herein com-
puted by solving the normal contact problem of a rigid rough
surface indenting an elastic half-plane with composite elas-
tic parameters, which is mathematically the equivalent of
solving the contact problem between two deformable rough
surfaces [40].
Let e1(ξ ) and e2(ξ ) be the elevations of two rough sur-
faces measured from their lowest point, where ξ = (ξ1,ξ2)T
(a) Rough profiles identified by e1(ξ ) and e2(ξ ).
(b) Composite topography described by e∗(ξ ).
Fig. 3: Transformation of two rough profiles (a) into a flat
line, the elastic part, and a profile with composite topogra-
phy (b), i.e. the rigid indenter.
is a position vector referring to the surfaces local reference
system (see Fig. 3(a)). The elevation of the composite to-
pography can be evaluated as:
e∗(ξ ) = e1(ξ )+ e2(ξ )−min[e1(ξ )+ e2(ξ )], (13)
measured from a new datum set in correspondence of the
lowest point, with distance e∗max from the boundary of the
elastic flat half-space, as shown in Fig. 3(b).
As illustrated in [12,41], the composite elastic parame-
ters can be computed as:
E =
(
1−ν21
E1
+
1−ν22
E2
)−1
, (14a)
G=
(
2−ν1
4G1
+
2−ν2
4G2
)−1
, (14b)
where Gi = Ei/[2(1+νi)] are the shear modulus of the orig-
inal bodies and the composite Poisson ratio ν is related to G
and E via ν = E/(2G)−1.
For each Gauss point of the macro-scale model, the fol-
lowing micro-scale contact problem is solved under displace-
ment control, where the far-field displacement corresponds
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to gn from the macro-scale model. For gn = 0, we assume
the surfaces touch only at the tallest height of the compos-
ite topography, with a resulting zero normal traction. For
each gn > 0, a non-vanishing contact area has to be com-
puted, as well as the corresponding total normal force equiv-
alent to the integral of the normal contact tractions. To do
so, the BEM implementation proposed in [42] is employed,
in particular the Warm-Started Non-Negative Least Squares
(NNLS) algorithm is exploited.
According to BEM, the normal displacement at a point
of the half-plane characterized by a position vector ξ is re-
lated to the pressure p(η) exerted at other points by the fol-
lowing relation:
u(ξ ) =
∫
S
H(ξ ,η)p(η)dη (15)
where H(ξ ,η) is the Green function, representing the dis-
placement at point u(ξ ) caused by a surface pressure p act-
ing at η , while S is the half-space. For homogeneous, isotropic,
linear elastic materials, the Green function has been chosen
as ([7], [41]):
H(ξ ,η) =
1
piE
1
||ξ −η || (16)
where E denotes the composite Young’s modulus of the half-
space, while || · || represents the Euclidean norm. The total
contact force P can be evaluated by integrating the pressure
field over the whole interface.
P=
∫
S
p(ξ )dξ (17)
Finally, the mean pressure p is evaluated dividing the
total force P by the nominal surface area. For a given far-
field displacement gn in the direction perpendicular to the
half-plane, the solution of the normal contact problem u(η),
p(η) must satisfy Eq. (15) together with the unilateral con-
Fig. 4: Illustration of the contact problem between a rigid
rough surface, solid blue line, and an elastic half plane, for
a given far field displacement gn. The rigid body motion of
the half plane is indicated by the dashed black lines, while
its deformed boundary by the solid black one.
tact constraint:
w(ξ ,gn)≥ 0, (18a)
p(ξ )≥ 0, (18b)
w(ξ ,gn)p(ξ ) = 0, (18c)
where w(ξ ,gn) = u(ξ )− u(ξ ,gn) and u(ξ ,gn) denotes the
indentation of the half-space at the points in contact. A 2D
sketch is shown in Fig. 4, where the deformed configuration
of the elastic half-space corresponding to the imposed far-
field displacement is represented by the black solid line. The
black dashed line represents the rigid body motion of the
elastic body under the imposed displacement. The solution
of the contact problem requires for the points to be of three
types:
– not in contact from the beginning (a);
– loosing contact due to elastic interactions (b);
– in contact after considering elastic interactions (c).
A routine for the solution of this infinite dimensional
problem has been implemented by discretizing the rough
surface with a square grid with lateral size l and resolution
parameter n, such that the grid is composed by N×N cells
with N = 2n+1 boundary elements per side. The lateral size
of each boundary element is a= l/(2n+1). A random mid-
point displacement algorithm has been used to generate the
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height field e∗i, j(i = 1, ...,N, j = 1, ...,N) of the rough sur-
face, although any data field obtained from experiments can
be used in input, without any restriction. For each micro-
scopically rough surface, the mean elevation e¯∗, the maxi-
mum elevation e∗max, and the root mean square roughness s
are also available from a preliminary statistical characteriza-
tion. The discretized matrix form of the problem thus reads:
w=H ·p−u, (19)
w≥ 0, p≥ 0, w ·p= 0, (20)
where w is the vector of elastic corrections, p the unknown
average contact forces, u the vector of compenetrations and
finally H the matrix collecting the compliance coefficients
in its approximated form as in [21]:
Hi−k, j−l =

1
piE if i= k and j = l,
1
piE arcsin
1
‖ξ i, j−ξ k,l‖ if i 6= k, j 6= l,
(21)
Due to linear elasticity, H is symmetric and positive def-
inite. This guarantees that the contact problem has a unique
solution for any gn ≥ 0. Moreover, the problem corresponds
to the Karush-Kuhn-Tucker conditions for optimality of the
convex quadratic program:
min
p
1
2
pTHp−uTp, (22)
s.t. p≥ 0. (23)
3.3 Computation of the contact pressure related to
roughness
The normal contact stiffness and the contact pressure pre-
dicted by the boundary element method account for two sep-
arate effects: one associated with the roughness of the sur-
face, and another related to the deformation of the half-space
[43]. The overall compliance of the system is the sum related
to roughness and the elastic one. In our framework, we need
to extract only the effect associated to roughness, since the
n 1 2 3 4
α 0.778 0.806 0.826 0.841
n 5 6 7 8
α 0.852 0.858 0.862 0.865
Table 1: Values of the coefficient α computed by solving
the problem of a rigid flat indenter in contact with an elastic
half space with the BEM algorithm, for different values of
the surface resolution parameter n
elastic contribution of the surrounding continuum is already
computed in the macro-scale model. Therefore, a correction
to the resulting pressure field is required. To this aim, as first
step, we need to compute the elastic deformation associated
to our micro-scale contact problem and subtract this contri-
bution from the overall system.
If we consider the contact of a flat rigid indenter, with a
l× l square size, acting on an elastic half-plane, an average
nominal pressure p¯ will cause a uniform displacement w0
equal to:
w0(p) =
α p
E
l (24)
with a mesh size dependent shape factor α < 1. To compute
α for a given mesh resolution, a micro-scale BEM model
with a perfectly flat surface has been solved. Since such
model only includes linear elastic effects, the resulting gap-
pressure relation is linear. The shape factor has been taken
as α = Ew0/l p, where E is the composite Young’s modulus,
w0 is the imposed far field displacement and also the half-
space indentation, l is the lateral size of the square punch and
p is the mean pressure, evaluated dividing the resulting total
load by the nominal area l2. Its values are given in Tab. 1 for
different resolution n. Different approaches for evaluating
the limit value of α , as the mesh size resolution approaches
the continuum, can be found in [12, Ch. 4], and [44,45].
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Fig. 5: Qualitative representation of pressure vs. imposed
displacement curve considering the elastic contribution, the
roughness contribution, and their combined effect.
Known the values of α , we can use the relation between
the nominal pressure and the elastic indentation given in
Eq. (24), for computing the gap-pressure curve related only
to roughness. This curve can be obtained by evaluating the
values of the pressure p for a set of given displacements
δ , considering both the elastic and the roughness contri-
butions through the BEM and then applying the relation-
ship (24) for computing the roughness related displacement
δr = δt−w0(pt) in order to obtain the curve p= p(δr). The
result of this correction procedure is graphically shown in
Fig. 5, where we can notice that the identified roughness
contribution (red dashed curve) is stiffer than the one result-
ing from the overall system (blue solid curve) and it is ob-
tained by subtracting the elastic contribution (green dashed
line) to the BEM curve.
It must be underlined that this subtracting procedure is
not directly applicable in the interface element routine, since
it requires the evaluation of the entire pressure-gap curve
without correction, while the macro-model provides to the
Fig. 6: Since point (b) is not directly derivable in the ele-
ment routine, starting from point (a) the iterative procedure
evaluates the pressure in (c) which guarantees equilibrium
between w0, gn and δc and gives the corrected pressure re-
lated to gn.
micro-model a single displacement gn for each Newton-Raphson
iteration at each Gauss point. Since gn is meant to be related
to roughness only, a pressure pc higher than the one obtained
by the unmodified curve (p1) must be found, as shown in
Fig. 6. The required value results from an augmented dis-
placement δc = gn +w0 where the value of w0 can not be
evaluated directly, depending on the unknown pressure pc
and an iterative approach is needed as follows.
The BEM algorithm takes gn as input from the macro-
scale model and computes a pressure p1(gn) that allows for
the computation of a correction w10(p
1). The input displace-
ment is then updated as δ 1c = gn +w10 and a new value of
the pressure p2 is computed. The relative error on the av-
erage pressure is evaluated and eventually the procedure is
repeated. At the i-th generic iteration, the corrected displace-
ment reads:
δ ic = gn+w
i
0(p
i) (25)
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and it corresponds to a pressure pi. The relative error from
an iteration to the next is updated as:
err =
pi− pi−1
pi
(26)
The iterative procedure stops when the relative error is less
then an imposed tolerance and the reached value of pressure
is the required value pn to be read by the macro-model at the
Gauss point.
The value of tolerance has been obtained after a con-
vergence study: the iterative procedure has been tested for
a set of imposed displacements, varying the value of the
tolerance in order to achieve a good accordance with the
corrected gap-pressure curve evaluated with the subtracting
procedure. As shown later in Sec. 4, very good accordance
has been found between the two curves even for a loose tol-
erance for all the values of separation taken into account, in
line with the results in [16] and [19]. Furthermore, the given
procedure is valid for any desired value of tolerance that can
be easily adjusted by the user according to the precision re-
quired by the specific case study.
3.4 Multi-scale coupling
The coupling between the micro- and the macro-scales has
been implemented by exploiting three alternative approaches.
In the first approach, a full integration of FEM and BEM
is proposed and it is called FEM BEM Quasi-Newton (FBEM-
QN) since an approximation of the Jacobian is used for the
iterative update scheme. The interface finite element has been
coded as a user element for FEAP, exploiting a Newton-
Raphson solution scheme. At each time step and for each
Gauss point, the contact pressure pn(gn) and the contact
stiffness ∂ pn/∂gn are computed by calling the subroutine
based on BEM. Such BEM subroutine reads the rough sur-
face height field at the first time step from an input file (the
height field is stored in a standard x, y, z three columns for-
mat) and stores it in a history variable for all the next time
steps, to avoid continuous access to external files. The BEM
subroutine is called once to compute pn and then a second
time to compute the normal contact stiffness via a finite dif-
ference approximation:
∂ pn
∂gn
' pn,k+1− pn,k
gn,k+1−gn,k (27)
where gn,k is the far-field displacement of the macro-scale
model for the current k-th Newton-Raphson iteration, and
gn,k+1 = gn,k+∆gn,k is a small perturbation of its value, for
which the pressure values pn,k and pn,k+1 are computed by
BEM.
This approach is computationally demanding, and there-
fore a second approach is also proposed for the numeri-
cal evaluation of the normal contact stiffness with the aim
of saving CPU time. In such approach, called FEM BEM
Cheap Quasi-Newton (FBEM-CQN), the contact stiffness at
the current Newton-Raphson iteration is computed by using
the displacement and the pressure corresponding to the pre-
vious converged time step as the reference values for the
application of the finite difference formula. The procedure
requires using Eq. (27) only at the first time step and then
the following equation is used for the subsequent time steps:
∂ pn
∂gn
' p
t
n,k− pt−1n
gtn,k−gt−1n
, (28)
where t and t − 1 denote, respectively, the current and the
previous time steps. This procedure requires storing the val-
ues of gt−1n and pt−1n in another appropriate history variable.
In the last approach, which is referred to as FEM-BEM
semi-analytical (FBEM-SAN), the normal contact problem
at the micro-scale is solved off-line according to BEM, based
on the generated height field given in input, for a sequence
of far-field displacements. The solution of the problem in
terms of predicted average contact pressure vs. the imposed
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far-field displacement is finally fitted with a power-law con-
tinuous function of the type:
pn(gn) = agbn, (29)
which provides a closed-form expression for pn(gn). Its deriva-
tive ∂ pn/∂gn entering the linearized interface stiffness ma-
trix C is also available in analytic form.
The choice of a power-law type fitting function is justi-
fied by the argument exposed in [43]. Let’s assume to have
two rough surfaces in contact, with specific dimensionless
contact conductance C˜, dimensionless mean plane separa-
tion d˜ and dimensionless nominal contact pressure p˜. Mak-
ing the hypothesis of incomplete similarity on p˜, a power-
law dependence can be postulated between C˜ and p˜, in the
form:
C˜ =Φ p˜β , (30)
where Φ is a coefficient depending on the fractal geome-
try of the surface and β is an exponent that can be obtained
by real or numerical experiments. This hypothesis holds for
physical systems which are in an intermediate situation be-
tween two limit conditions, which in the present setting are
the high and low separations regime respectively. Together
with the previous hypothesis, the electrical-mechanical anal-
ogy established in [40] states that:
C˜ =−2d p˜
dd˜
. (31)
By combining Eq.s (30) and (31) the result is an ordinary
differential equation with separable variables, with solution,
for β 6= 1:
p˜1−β
1−β =−
Φ
2
(d˜0− d˜), (32)
which is a power-law relation between the nominal pres-
sure and the plane separation. Following this formulation,
the function (29) has been chosen as fitting function.
A major drawback coming from this approach arises when
the state of the system is far from intermediate, i.e. for very
high or very low separations. Scatter in the contact pressures
is usually observed in the first case, where the contact re-
sponse is ruled by the statistics of extremes of the lower
tail of the asperity elevations distribution, and an artificial
smoothing is inevitably introduced by fitting the data with a
regular curve. The opposite condition corresponds to very
high pressures, where distinct asperities start merging to-
gether and form large contact islands. This condition is not
reached in the present case, where the maximum displace-
ment imposed for acquiring the curve employed in the SAN
approach is 3s, and corresponds to a plane separation still
far from the puzzling region of very high pressures.
On the other hand, a great advantage of the FBEM-SAN
is its speed. It is expected to be the fastest of the three pro-
cedures if the representative rough surface is the same for
all the integration points of the macro-scale model (uniform
spatial roughness) or when the the same surface topography
is used in several load cases. In these conditions, the time
required by the BEM to solve the normal contact problem
is spent only once, during the off-line stage. However, it is
not difficult to imagine different scenarios where the conve-
nience of one method with respect to another is not given
for granted. For example, in case of a realistic macro-scale
model where roughness is not homogeneous, but depends
on the point, the Semi-Analytic method is still applicable,
but fitting a different curve for every required Gauss point is
necessary. Furthermore, when a different kind of topology
is present, e.g. a complex textured rough surface, the power-
law expression of the pressure-displacement relation could
reasonably fail in predicting the trend of the curve under ex-
amination, therefore this kind of interpolation could intro-
duce an undesirable approximation to the problem. In such
a different scenario the Semi-Analytic implementation can
still be applied, provided that a more suitable and perhaps
more complex interpolating function has been determined.
A multi-scale FEM-BEM formulation for contact mechanics between rough surfaces 13
The other two approaches are expected to be more competi-
tive when the gap-pressure range involved in the problem is
not known from the beginning, and in general when the off-
line stage becomes expensive. Testing the efficiency of the
FBEM-SAN with respect to the integrated FBEM-QN and
CQN in these and other different scenarios would be worth
of interest and is left for further investigations.
4 Numerical examples
In this section we propose a benchmark test to illustrate
the capabilities of the proposed FEM-BEM multi-scale ap-
proach and compare the performances of the different solu-
tion strategies.
Two square blocks of lateral size L = 10mm are dis-
cretized by a single finite element, see Fig. 7. An interface
finite element connects the common boundary of the two
bodies.
The two materials have Young’s moduli E1 =E2 = 1N/µm2
and Poisson ratios ν1 = ν2 = 0.3, where the subscripts 1 and
2 identify the lower and upper bodies, respectively. Choos-
ing the same elastic properties for the two blocks avoids
the coupling between the normal and the tangential con-
tact problems, since a frictional constitutive response for
the interface is not specified in this test. Using Eqs. (14a)
and (14b), we end up with a composite Young’s modulus
E = 0.5495N/µm2 and a composite Poisson ratio ν =−0.3929
to be used at the interface.
Dirichlet boundary conditions are given by vertical con-
straints onto the lower side of Ω2, while a single horizon-
tal constraint is applied at the top-left nodes of both bodies,
to avoid rigid body motion. An imposed downward vertical
displacement ∆ acts on the upper side of Ω1, monotonically
increasing with a pseudo-time variable to simulate the quasi-
static normal contact problem, starting from 0 up to a max-
imum value of 3s, denoting s the root mean square of the
(a)
(b)
Fig. 7: Geometry and boundary conditions of the bench-
mark test in uniaxial compression.
surface roughness used to represent the composite topogra-
phy.
The simulations have incorporated three different rough
fractal surfaces generated using the Random Midpoint Dis-
placement (RMD) algorithm [43,46]. The Hurst exponent
has been set equal to H = 0.7, while three resolutions cor-
responding to n = 6, 7 and 8 have been considered, which
implies having 65, 129, and 257 heights per side, respec-
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Fig. 8: Example of a RMD rough surface (n= 6).
tively. The aim is comparing the computational complexity
by increasing the dimension of the contact problem solved
by BEM at each Gauss point, and assessing how different
coupling strategies affect the accuracy of the contact predic-
tions.
For the application of the present method, which hinges
on the assumption of scale-separation between the micro
and the macro scales, all the rough surfaces input for BEM
should be statistically representative of roughness and their
lateral size l should be much smaller than the macroscopic
lateral size L. In the present case, l = 1 mm, which leads to
a ratio l/L= 0.1. The maximum height of the rough surface
is 50µm. An example of the generated surface is shown in
Fig. 8.
The proposed tolerance value used to control the error
in Eq. (26) is equal to 1× 10−2 which gives a good accor-
dance between the gap-pressure curves evaluated in the con-
vergence study as shown in Fig. 9 for the given dimension-
less displacements ∆/s and the example surface with n= 6.
The FBEM-QN, FBEM-CQN and FBEM-SAN solution
strategies are herein compared in terms of dimensionless
force P/(EA) vs. h∗/s, where P is the total normal load
computed from the sum of the vertical reactions forces at the
constrained nodes of the macro-scale finite element model,
E is the composite Young modulus, A is the macro-scale
nominal contact area, and h∗ = e∗max− e¯∗− gn is the actual
Fig. 9: Comparison of the gap-pressure curves evaluated
using two different procedures with tolerance sets as 1×
10−2.
distance between the flat plane and mean plane of the rough
surface. For the FBEM-QN approach, a value of the pertur-
bation ∆gn,i = 0.01gn,i has been chosen.
For the FBEM-SAN scheme, the curve used to fit the
off-line BEM contact predictions is chosen as a power-law
function given by Eq. (29) and the fitting has been performed
employing MATLAB’s built-in fitnlm function1 for per-
forming non-linear regressions. The resulting curve coeffi-
cients are collected in Tab. 2 for the three different surface
resolutions distinguished by the value of n, together with
the sum of squares due to error (SSE), the sum of squares
of the regression (SSR), the total sum of squares (SST ) and
finally the R-square (R2) coefficients. Improvements in all
the estimators can be observed as the resolution gets higher.
Another critical point regards the number of time steps n∆
to be employed during the off-line computation of the fit-
ting coefficient. Fig. 10a and Fig. 10b show, respectively,
the variation of R2 and the CPU time required by the off-
line stage, with respect to the number of discretization steps.
The value of 102 steps, used in the present benchmark exam-
1 See https://uk.mathworks.com/help/stats/fitnlm.html
for documentation.
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(a) R-square coefficient.
(b) Computational time.
Fig. 10: Parametric study over the number of time steps
used in the fitting, for the same imposed far field displace-
ment ∆ .
ple, represents a good trade-off between fitting accuracy and
computational time spent during the operation.
The P/(EA) vs. h∗/s contact predictions are shown for
rough surfaces with resolution parameter n = 6, 7 and 8 in
Figs. 11a, 11c and 11e, respectively. The same results are
collected for each value of n in Figs. 11b, 11d and 11f to
compare FBEM-QN, FBEM-CQN and FBEM-SAN schemes.
Overall, we notice that the three approaches provide almost
coincident results for the highest surface resolution (surface
with n= 8), while the semi-analytical scheme leads to slightly
different predictions for lower resolutions (surfaces with n=
6 and n= 7). As anticipated before, the reason for that is re-
lated to the power-law function used to approximate the con-
tact response in the FBEM-SAN scheme, which does not ex-
actly reproduce the actual BEM contact response for coarse
meshes or for large separations, being affected by a scatter
induced by statistics of extremes of the asperity height dis-
tribution.
This trend is even more evident by examining the di-
mensionless normal contact stiffnessCmats/E vs. the dimen-
sionless normal gap h∗/s depending on the resolution pa-
rameter n = 6, 7 and 8 shown in Figs. 12a, 12c and 12e,
respectively. The same results are again collected for each
n in Figs. 12b, 12d and 12f to compare FBEM-QN, FBEM-
CQN and FBEM-SAN schemes. Overall, we notice that the
three approaches provide almost coincident results for the
highest surface resolution (surface with n = 8) and for the
low-separations regime. The smoother response predicted
by the FBEM-SAN scheme for coarse surfaces and high sep-
arations is primarily due to the artificial smoothing of the
actual contact response introduced by the power-law best-
fitting equation. For large separations, the actual contact be-
haviour is governed by few asperities in contact and there-
fore the contact response should present oscillations and a
non-smooth behaviour. By increasing the number of con-
tact spots (increasing the pressure or the surface resolution),
the collective response tends to be much more stable and
smoother, and the power-law best-fit approximation becomes
much more reliable.
The evolution of the residual norm vs. the number of it-
erations of the numerical scheme used to solve the set of
nonlinear algebraic equations is highlighted in Figs. 13b,
13d and 13f, for the FBEM-QN, FBEM-CQN and FBEM-
SAN solution strategies applied to surfaces with different
resolution parameter n. Furthermore, figures 13a, 13c and
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(a) FBEM-QN (b) n= 6
(c) FBEM-CQN (d) n= 7
(e) FBEM-SAN (f) n= 8
Fig. 11: Dimensionless contact pressure vs. dimensionless normal gap predictions depending on the solution scheme and
the surface resolution.
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(a) FBEM-QN (b) n= 6
(c) FBEM-CQN (d) n= 7
(e) FBEM-SAN (f) n= 8
Fig. 12: Dimensionless contact stiffness vs. dimensionless normal gap predictions depending on the solution scheme and
the surface resolution.
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Table 2: Coefficients of the power-law function p(gn) = agbn, together with goodness of fit parameter.
n a [N/µm2] b SSE SSR SST R2
6 1.416×10−06 2.831 5.677×10−07 3.773×10−04 3.722×10−04 0.9985
7 1.240×10−06 2.862 4.073×10−07 3.576×10−04 3.537×10−04 0.9988
8 1.064×10−06 2.905 3.407×10−07 3.461×10−04 3.437×10−04 0.9990
13e compare the convergence rate of the three numerical
strategies for the same surface resolution. These results cor-
respond to the last time-step (∆ = 3s), with a convergence
tolerance of 1× 10−9. As expected, the FBEM-SAN dis-
plays a quadratic convergence, regardless of the resolution,
since the tangent stiffness is computed exactly from the deriva-
tive of the pressure-separation relation, which is given in
analytic form. The FBEM-QN and FBEM-CQN display a
slower convergence rate than FBEM-SAN, requiring at least
one iteration more then the semi-analytic approach, due to
the numerical approximation of the tangent stiffness matrix.
The CPU time required to solve the contact problem is
shown in Figs. 14a, 14c and 14e for the FBEM-QN, FBEM-
CQN and FBEM-SAN solution strategies and in Figs. 14b,
14d and 14f for the three different resolutions. The CPU
time for the FBEM-SAN strategy includes only the time re-
quired for FEM to solve the macro-scale contact problem
without the time for the off-line execution of BEM, since
this preparatory step is very case specific and depends not
only on the maximum value of pressure required, but also
on the accuracy requested to the fitting operation, as already
shown in Fig. 10b.
The FBEM-SAN is much faster than the other two strate-
gies especially for intermediate and low separations, when
the time required for the micro-scale BEM computations
spent to predict the contact pressure and the contact stiff-
ness in the QN and in the CQN schemes is significant. Both
the integrated approaches becomes more expensive as the
number of contact points increases, for the higher resolution
or the decreasing separation between the surfaces. These last
two strategies show almost the same CPU time, with slight
differences: the QN is faster at the beginning, for high sepa-
ration while the CQN allows to save time in the low separa-
tion range.
In addition to the examined computational performance
of the three approaches, it is important to notice that FBEM-
QN and FBEM-CQN allow to extract local information about
the micro-scale contact problem. As an example, the pres-
sure field and the free volume evolution can be easily ex-
tracted at each time step from the model without any addi-
tional effort (see Fig. 15). Their values can be very useful
for multi-field problems involving heat transfer or reaction-
diffusion phenomena and for simulations including wear and
friction where knowing the contact islands and the pres-
sure distribution plays a key role. On the other hand, in the
FBEM-SAN approach, the information about the percentage
of contact area can be easily recovered using an additional
interpolating function during the off-line stage in order to
obtain the relation between the total contact area and the av-
erage contact pressure.
5 Conclusion
A multi-scale FEM-BEM contact mechanics formulation has
been proposed to address contact problems involving a nom-
inally smooth surface in the macro-scale and a microscopi-
cally rough topology in the micro-scale. The assumption of
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(a) FBEM-QN (b) n= 6
(c) FBEM-CQN (d) n= 7
(e) FBEM-SAN (f) n= 8
Fig. 13: Residual norm vs. iteration step depending on the solution scheme and the surface resolution.
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(a) FBEM-QN (b) n= 6
(c) FBEM-CQN (d) n= 7
(e) FBEM-SAN (f) n= 8
Fig. 14: CPU time (s) vs. dimensionless normal gap predictions depending on the solution scheme and the surface resolu-
tion.
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(a) Dimensionless overall reaction force against the imposed displace-
ment.
(b) Point 1, A/An = 0.38%.
(c) Point 2, A/An = 1.66%. (d) Point 3, A/An = 3.12%.
Fig. 15: Evolution of the free volume of the real geometry at the micro-scale for three different levels of imposed displace-
ment, for the n= 7, FBEM-QN case. For every one of the three contour plots the ratio between the actual contact area A and
the nominal one An is provided, while the dark blue islands show the contact area, the deepest valley are marked in red.
scale separation is put forward, which assumes that a statis-
tically representative rough surface can be defined at each
point along the macroscopical contact surface. Coupling of
the two scales is enforced by passing the normal gap at each
integration point of the interface finite element to the bound-
ary element code to solve the microscopical normal contact
problem. In return to the macro-scale, the normal contact
traction and tangent stiffness matrix are provided, to be used
in a Newton-Raphson algorithm and its variants.
As compared to the previous methods proposed in the
literature [32], the approach does not rely on a closed-form
solution at the micro-scale associated to a specific micro-
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scopical contact model, which implies assumptions on rough-
ness statistics. BEM is in fact applied to any height field
without introducing any simplifying assumption on the topol-
ogy. Therefore, different statistically rough surfaces can also
be provided in input depending on the position along the
macro-scale contact surface. In spite of this higher versatil-
ity, a drawback arises from the much higher computational
cost, which is especially due to the numerical computation
of the tangent normal contact stiffness, requiring an addi-
tional BEM computation for a perturbed normal gap. Possi-
ble acceleration strategies, all the way down to an off-line
BEM computation and interpolation of the microscopical
contact solution to derive a closed-form equation analogous
to that provided by micromechanical contact theories, are
explored. This last approach has some disadvantages being
less accurate in the high separation regions, where the con-
tact spots are governed by the extremes of the summit dis-
tribution, and care should be taken to perform an interpola-
tion covering all the range of pressures expected, while, on
the other hand, the process is automatic for the other two
routines. Quite the opposite, the computational cost for the
semi-analytic procedure is indeed lower than the other two
routines and this strategy can be exploited for its speed in
problems where the interpolation of the pressure-displacement
solution can be easily computed off-line and used multiple
times in the macro-scale model.
The fully integrated FEM-BEM routines are more suit-
able for dealing with highest resolution surfaces and low
pressure regimes or, more generally, for problems where the
interpolation of the micromechanical results adds undesired
approximation to the model. Furthermore, these procedures
provide more details on the micro-scale contact problem di-
rectly from the macroscopic model as the actual micro-pressure
distribution and the actual contact area, useful for extend-
ing the method to multi-field problems. The semi-analytic
approach, on the other hand, could be extended in order to
provide the percentage of the contact area using another in-
terpolation function, useful information in case of problems
involving frictions.
As a final remark, in spite of the additional computa-
tional cost associated to concurrent FEM-BEM coupling,
this approach presents the highest versatility and it can be
very efficient to deal with wear phenomena affecting the
micro-scale computations. In the case of wear, for instance,
the height field of the rough surface stored in each integra-
tion point can be progressively updated by the prediction
of a wear law. Similarly, in the case of surface erosion by
a fluid, local surface roughness properties can be updated
along with the simulation. Those aspects, as well as fric-
tional energy dissipation, are open issues worth investigat-
ing in future research studies.
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